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The theory of decomposition of signals on attributes

Khandjian O., Khandjian A.

Moscow, Russia

The representation of periodic signals with help of power series is known. Is shown, that for this purpose the final sequence of attributes can be used also. Work formulates the mathematical bases and means of such represen​tations.

Introduction


It is known, that the measurement of signal is proceeded by decomposition functional curve, ensuring the representation of signal, on harmonic component and valuation of structure of spectrum.


It is also known, that the measurement of signals on their functional curve, in some cases, is possible by calculation of relation of maximal significance of amplitude to root-mean-square significance of signal on interval of period. As a result of it some constant size is received, significance of which depends on the form of signal. The devices, ensuring such measurements are known as RMS - to DC converters and find wide practical applications.


Obviously, that then we deal with attribute, describing form of signal. However in essence the task of decomposition of signals on systems of attributes can be resolved only at refusal from use functional curve and at transition on representation of signal by other mathematical means, oriented not on arithmetic, and on logic operations.


The function y=f ( t ) - is one of the main concepts in mathematics, that express the depen​dence of one variable from other one. The function is a classical means of simulation in general and periodic processes in particular.

Physically the real periodic signal is formed as a result of movement in space-time contin​uum. From experience it is known, that the space is symmetric, and the time is asymmetrically, and in this sense the space-time continuum is essential, uniting two opposites, modern physics asserts, by this they are closely connected among themselves.


Meanwhile the classical simulation reflects quite the definite point of view, when is considered, that the periodic signal is formed by change of magnitude of its amplitude, i.e. space components. The time thus acts as independent variable. Pri​mary symmetry of the components of amplitude are determines the existence of the element opposite to any other one. Just the consequence of this approach is that the classical simulation of signals is based on function and uses the symmetric designs of main con​cepts of theory, such as numerical series, the linear space, linear transformation, and as the whole forms the representation, which is advanced in frameworks of mathematical structure, which is based on arithmetic operations.

At the same time the second alternative objective exists which is investigated in given work: it is possible to think, that the peri​odic signal is formed as a result of change of time component, i.e. independent variable is the amplitude. Starting from property of asym​me​try of time this alternative should be realized in frame​work of independent asym​metric system of models.


In relation to periodic signal it is possible to come to asymmetric model if for representation of periodic signal we use the area, representing part of plane, possessing form of signal and connected with them instead of function.  First, for this purpose, it is necessary to set the plane of coordinates by special image. In this case it is done with help of two positive half-axes, answering to one-dimensional asymmetry  sets 

 and 

. The product of them forms two-dimensional set 

 at the coordinate plane, parts of which are areas.


Let is consider set of allowable areas 

 , then area 

 is pos​sible to use for representa​tion of periodic signals. The set of allowable areas forms by obvious image the Boolean structure  

, in which the area 

 is accepted for unit, fig. 1. Thus each area 

 - is the simplicial complex, formed by set of horizontal lines (simplexes), possessing particular sizes on lengths and answering to significance inde​pendent variable one ( 

).


The transition to representation in the framework of theory of lattices assumes also the application of other principle of analysis of objects. This principle concludes, that the periodic signals are considered not individually, but as the representatives of some classes of objects. This principle is oriented on indirect specifying of objects with help of their properties or at​tributes, determining not the object solely, but set of equivalent objects [1].

The purpose of the work is the creation of mathematical means of decomposition of periodic signals on systems of attributes in the frame​work of asymmetric model. In this sense this work is a continuation of series of work on theories of asymmetric system of simulation of signals [2].
Analysis of classical approach to simulation


The main advantage of use of function concludes that the rule connecting appropriate significance of amplitude 

 to significance of time 

  is more often set by formula, setting, which the computing operations was necessary to be produced above variable 

, that find 

. Thus the left-hand part of the formula is a designa​tion or a name of an object, and right part of the formula ​model of object, referred to its peak significance. To comput​ing analyti​cal operations, except for four actions of arithmetic, it is also ac​cepted to attribute the operations of transition to limits, that is finding of corresponding limit 

 on the given sequence numbers 

, if it exists, though common ways of production of this opera​tion are not present.


It is known, that the analytical by representable function is the function, which values are received from the values and constants through arithmetic actions and limiting transitions.


The harmonic sine wave function is elementary analytical representation func​tion




(1)

As an example of  harmonic sine wave function we consider the main features of classical models on relations to periodic signal determined by it.


The first feature is connected with the fact that the alternating series, underlying analytical expression for function, provides the approach of appropriate periodic signal quite by definite image. The reproduction of periodic signal begins witch from the first period from the be​ginning of coordinates, and with increase of number of members of series n is distrib​uted in both sides from beginnings of co​ordinates. This is stipulated by the fact, that the series is formed by power functions of  

 kind, and curve of such function at increase of values more and more "stand close" to zero line in beginning of coordi​nates and "begins to work", to contribute to formation of resulting curve form on more and more remote periods, fig. 2 [2].

Qualitatively this process of approach is possi​ble to describe like this: with increase of number of members of series the number of reproduced periods of signal grows.


Further let’s compare the analytical representations in kinds of series for different signals:




 


(2)




The chosen examples relate to signals, considerably distin​guished in form from each other at their visual recognition.


Nevertheless this difference on level of analytical representations as a of se​ries is not di​rectly observed and it is the second feature of classical representa​tions. As it is known, this representation is oriented on display of spectral structure of con​sidered signal.

Elementary transformations of signals


The base mathematical means of representation of signals in the frame​work of theory of lattices are described in [2]. We consider the elementary transformations for signals as objects, being components of set of structure 

. First we consider the case of one signal. The following transformations are allowable for it.


The transformation of transition to addition. The inversion of sig​nal, which is exe​cuted by inverting simplexes on all levels of voltage within the limits of scope of ampli​tude of area, provides the transi​tion from signal to his addition. For display of signal on plane such transformation is possible to be considered as the transition from positive of display to negative to display within the limits of area.


The transformation of sorting. Let the area of amplitudes broken on n levels by quanti​zations is given. In common the class of all signals in this area of ampli​tudes is deter​mined with help of following totality:



 ,
(3)


containing n private classes 

 on levels of quantization for chosen way 

 decomposition on quantumen, and thus 





In reduced kind the logic equation for private class 

 is recorded as follows




(4)


Where 

 - this combination from n on i [2], and ~ - the sign of totality.


We connect the logic device of sorting, realized, for example, on logic elements "And" and "OR", connected among themselves on outline, described by logic equations





 EMBED Equation.2  

(5)

which is also adduced in [2].

At receipt of signal x, occupying some arbitrary number of levels of quantization, significance 

, the significance simplexes of signal on of appropriate levels quantization are assigned. As a result given device executes the sorting simplexes, en​suring ordered location of simplexes is , that more short on length simplexes are located higher more long ones . Let is name such location by ordering from be​low upwards and to mark by vertical ar​row in designation of signal 

. We note, that at physically real sig​nal simplexes are ordered from below upwards, and at  ad​dition on the contrary from above downwards.


The transformation of displacement. The displacement of signal as on time, as on amplitude is considered. The displacement on time is executed by shift of all simplexes on identical value of delay in hori​zontal direction. The displacement on amplitude or nor​maliza​tion of signal is provided by elimination of displacement of signal in area of amplitudes I on constant value and consists in exception simplexes equal to 1.


The consecutive completion of transformations of transition to addition, sorting and normalization for some initial signals 

 results in formation of its signal of ad​dition 

 of special kind with simplexes, ordered on length by the same way with simplexes in representation of initial signal, fig. 3.


We consider the case of several signals. The joint sorting of several signals, arriv​ing on different levels of quantization of uniform area of amplitudes, results in forma​tion of signal of arithmetic sum for these signals. In particular, joint sorting of signal 

 and its addition of special kind results in formation of signal identical equal to 1 within the limits of scope of amplitude of this signal.


Transformation of comparison. The diverse comparisons of signals, are possible also among which the most important are the comparisons on relations putting in order and re​lation of equivalence. The relation of equivalence for signals 

 and 

 is produced on result of transformation simplexes on logic equation 

 on all levels of quanti​zation and is realized by logic outline " Exclusive OR ".
Decomposition of signals on systems of attributes


When this way of simulation is used the objects act as the representatives of classes, uniting sets of equivalent objects. The fitting of the object to some class depends on the availabil​ity of object is attribute, describing this class. We indicate the system of attributes, using elementary transformations and enabling to execute the localization of objects by transitions from classes to subclasses of objects.


The attribute of presence of signal on entrance. It is possible to determine the receipt of signal on entrance with help of outline "Exclusive OR" in such a way, as shown in fig. 4. Only at absence of source signal, the signal on output of outline "Exclusive OR" is identically equal to zero.


The attribute of periodicity. The valuation on this attribute permits to find out the signals with periodic forms. For this is necessary to be executed the transformation " Exclu​sive OR " between studied signal and by the same delayed signal on time 

. At smooth increase of significance 

 from zero upwards and at  

 the signal on output of block, realizing function " Exclusive OR ", becomes equal to zero, that permits to establish the periodicity and to put on record the class of studied object, fig. 5. This class is in itself rather wide, as far as unites the signals of every possible in form and amplitude with periods 

.


The attribute of symmetry. This attribute is connected with divi​sion of class of pe​riodic signals on subclasses of symmetric and asymmetric signals, i.e. provides the nar​rowing of initial class. Un​der symmetric objects the signals with identical forms of positive and nega​tive half-waves ( on terminology of classical theory of simulation, consideration the two-pole signal, appropriate to arriving unipolar signal are here un​derstood ).


For it is necessary to execute the transformation " Exclusive OR " between signal 

 and his addition 

 of special kind, delayed on size 

 , fig. 6. The addition of special kind is formed from initial signal by means of inverting, sorting S and nor​malization H.


These attributes are possible, for example, by symmetric forms of following classes: 0, mean​der, the harmonic signal, signal of triangular form, signal, similar to harmonic signal, half-waves of which are formed by half-circles and etc.


The last possible narrowing of class of periodic signals provides the attribute of form. This attribute is based on theorem about stationary point.


The theorem. At joint sorting of signal and the same signal, de​layed on variable size 

 ( summation ), such significance 

, is present at which the scope of formed signal is equal to scope of initial signal.


The proof. At joint sorting with subsequent normalization of arbitrary signal and the second identical signal the object with double scope is formed. If this signal is symmetric, when joint sorting and normaliza​tion of such signals and signal, shifted on half of pe​riod, the signal identically equal to zero arises. Therefore continuity always finds such value for size of shift, at which the received signal will have the same scope.


For asymmetric signal the joint sorting with normalization with that by signal, shifted on duration pulse - if duration of signal less than half a period, and interval shifted on dura​tion between pulses - if the duration of signal more than half a period, provides the signal with that by scope.


The constants zero and 1 in this system of simulation are utmost cases of sig​nals. For them the sorting and normalization results in signal identical to equal zero. As was to be shown.


In common case the joint sorting and normalization of signal and delayed signal in sta​tionary point 

 , is accompanied by transformation of form of signal. The stationary point is important because permits to consider the unlimited number of repeated trans​formations. In all other cases the repeated transformations conduct to decrease, or to increase of scope of signal to utmost significance through limited number of repeated transformations.


The signals different on forms have the different sizes for significance of station​ary points. For widespread symmetric forms of signals these significances are equal: 

- for meander, 

- for garmonical form, 

- for triangular form, 

- for form, formed by two half-circles instead of half-waves harmonic signal.


The algorithm of detection of stationary point is shown on fig. 7. The main part of algorithm includes the execution of sorting with subse​quent normalization ( addition ) for source and delayed source sig​nals. The blocks are added to them, changing source and target signals in signals identically equal to 1 within the limits of scope of signal. This permits to reduce the task of detection to defini​tion of relation of equivalence for two levels of voltage, one for initial and other for transformed signals. The relation of equivalence is fixed with help of outline " Exclu​sive OR ". Here the scope of source sig​nal, generally speaking, can be any if only it was in limits of given area of amplitudes.


Coming back to the task of detection of attribute of form we note, that purely the detection con​sists in definition of the value of stationary point for studied signal. Thus among set of forms of signals it was possible to indicate two forms: the meander and the har​monic form, which correspond utmost cases of forms and take the key state among all other forms of signals. For them the simplified algorithms of detection, exist which, be​sides is possible to be exe​cuted for one step of calculation.


For meander the algorithm of detection is shown on fig. 8. During transformation the meander is transformed in form identically equal to zero. For of harmonic form the algorithm of detection is submit​ted on fig. 9. The harmonic form is the unique form, which at detec​tion is preserved without change. The harmonic form is the invariance to all transformations,  it has property of absolute symmetry.


For all other forms the process of detection is accompanied by transformation of form. At repeated completion of procedure of detec​tion in common case the infinite series of diverse forms arises. Thus in process of transformation the forms with other values of stationary point can arise. For example, for triangular form the consecutive significance of stationary points will be following: 

.  In this sequence the forms corresponding to the same significance of stationary point 

 , are shown on fig. 10.


Despite narrowing of class of signals in accordance with transi​tions from initial attrib​ute to following attribute, nevertheless and attribute of form characterizes the whole class of objects. Therefore in given example it is correct to say not about triangular form, but about triangular similar form of signal.


The process of detection is the process of accumulation, therefore obvi​ously, narrow​ing of class happens at its repeated recurrence. It is expressed in increase steep of fronts ( rise time and fall time ), in gradual ap​proach to form, which corresponds to the case of quantized signal.

If the process of detection is executed for quantized signal, for such representative of class the process of detection is converging. It is finalized by transformation first in meander form, and then in form identically equal to zero. The number of steps thus de​pends on the number of levels in quantized signal and is proportion​al to this number.


The representation of signals by attributes in definite cases of application can ap​pear more effective, than with help of members of power series. It is connected with the fact that the action of at​tribute is distributed on whole temporary interval by the same way, while an error of rep​resentation by the finite series grows with time. At the same time the attribute always character​izes not one object, but a class of objects, containing in common case infinite number of objects.

Conclusion


It is shown in the work, that the simulation of signals in frameworks of theory of lattices permits to receive the decomposition on final system of attributes . It is also shown, that the means of simulation are here directly connected with features of form of signals as physical objects, while the classical means are oriented on spectral structure of function used for simulation.


The offered mathematical means permit to execute filtration of signals not by meas​urement and transformations of spectra, but by means of recognition of object. In definite cases this permits to increase the speed of detection of signal considerably.
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Fig.1. The representation of signal by area.
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Fig.2. The representation of harmonic function by power series.
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Fig.3. Transformation 
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 :  a) - initial signal; b)- additional signal; c) - additional signal after sorting; d) - normalized additional signal of special kind.
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Fig.4. The detection of signal.
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Fig.5. The detection of attribute of periodicity.
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Fig.6. The detection of attribute of symmetry. 
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Fig.7. The detection of stationary point.
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Fig.8. The detection of mean​der.
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Fig.9. The detection of harmonic form.
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Fig.10. The class of forms with stationary point.
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